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ABSTRACT: In the OSp invariant closed string field theory, we construct the states corre-
sponding to parallel D-branes that are located at different points in the space-time. Using
these states, we evaluate annulus amplitudes. We show that the results coincide with those
of first quantized string theory.
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1. Introduction

D-branes have been playing an important role in understanding nonperturbative aspects
of string theory. In previous works [, B, we studied how to describe D-branes in closed
string field theory. The closed string field theory that we consider is the OSp invariant
string field theory for bosonic strings [[]. (See also [ -[]].) We constructed the states with
an arbitrary number of coincident D-branes and ghost D-branes [§] in this closed string
field theory. We can calculate disk amplitudes using these states, and the results coincide
with those of first quantized string theory [g].

In this paper, we extend our construction into the case where the D-branes are lo-
cated at different points from each other in the space-time. Using such a state with two
D-branes, we evaluate annulus amplitudes. We show that they coincide with the usual
annulus amplitudes including the normalizations. This fact yields another evidence for our
construction.

The organization of this paper is as follows. In section [}, we generalize our previous
construction [ to propose the states for N parallel Dp-branes that are located at different
points from each other. We show that these states are BRST invariant in the leading order
in the regularization parameter e. In section f], we compute annulus amplitudes and show
that the results in first quantized string theory are reproduced. Section [ is devoted to
conclusions. In appendix [A], we present details of the calculation.



2. States with parallel D-branes at different points

The BRST invariant state corresponding to one flat Dp-brane sitting at X! = Y? (i =
p+1,...,25) is constructed in [P! as

D)) =2 ([ ac0w (€.1)) o). (2.1)

where
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Here |By(Y)) = 7Y | By) denotes the boundary state for the Dp-brane located at X' =
Y and |By) = |Bo(0)) is given in [P]. As in [J], we introduce the state

Bo(v))T = ¢ e Pt o= g () (2.3)

and use |By(Y))¢ with 0 < € < 1 as a regularized version of |By(Y)). [d(Op can be
considered as an operator which creates the D-brane by acting on the second quantized
vacuum |0)). With string field |¢)) exponentiated, this operator has the effect of inserting
boundaries in the worldsheet.

We would like to show that the states corresponding to N such Dp-branes located at

Xt = Y(ZI) (I =1,...,N) can be given simply as

N —
IDN1; YY) = AN+ H </ d¢rOp (CIaY(I))> (¥ (2.4)
=1

if (Y(ZI) - Y(Z;]))2 # 0 for I # J. In contrast to the case of coincident D-branes studied
in [B], we just have to consider the product of [d¢ Op. Indeed, we can show that as long
as (Y(’I) - Y("J))2 + 0 for I # J, the states (R.4) are BRST invariant in the leading order
in the regularization parameter e. The proof goes exactly as in [f]. One crucial difference
from the coincident case is that in the limit of 7" = ¢ — 0 the string vertex

(Vi(3):Y, Y T| = / 212 (V(1,2,3)  Bo(¥))T | Bo(Y"))F (2.5)

(ayh)?

is suppressed by € 42 with AY? = Y* — Y compared with (V;(3);T| evaluated in [g].
Because of this suppression, the interaction between Op at different points can be ignored
in the leading order in € and the states (P.4) become BRST invariant.

'In this paper, the notations for the OSp invariant string field theory are the same as those used in [ﬂ]7
unless otherwise stated.
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Figure 1: (a) The annulus diagram with one closed string external state ¢. (b) The ¥ coordinate
on the worldsheet of the string diagram in (a). At o = in7Tp, the vertex operator V, corresponding
to the state ¢ is inserted.

The details of the calculation of (V4(3);Y,Y’;T| are presented in appendix [f. The
suppression stated above is intuitively obvious, because the D-branes sit at different points.
The suppression factor originates from the factor e~ where Sy is the classical action
given in eq. (A.I1]) on the worldsheet depicted in figure fj in appendix [A]. Indeed, using the

results in [{, [0, B, we find that in the T' = ¢ — 0 limit

(av?h?
e 7l I T (2.6)
4asin(—27V3) ' ’

In addition to the BRST invariance mentioned above, it is easy to see that using the
states (R.4) one can calculate the disk amplitudes in the same way as in [J] and obtain
those for the parallel D-branes. Thus we may regard the states (R.4) as the ones where

such D-branes exist. We can also generalize the states (R.4) to include ghost D-branes [g],
as is carried out in [£].

3. Annulus amplitudes derived from D-brane states

3.1 Amplitudes with one closed string external line

Using the states with D-branes constructed in the last section, we would like to calculate
scattering amplitudes involving the strings whose worldsheets have boundaries attached to
D-branes contained in these states. In this paper, we evaluate annulus amplitudes. Let us
first consider the annulus amplitudes with one closed string external line as described in
figure [l| (a), in the situation where the annulus is suspended between two parallel Dp-branes
located at X* = Y* and Y. The S-matrix element for this process can be obtained from
the following correlation function involving these two Dp-branes:

0|04 (t, k)| Day; Y, Y
(O (t, k?)>>D2+(Y;Y’) @ <2b0(|tDzi|;;+Y/>> >>’

(3.1)



where t > 0. Oy(t, k) is the observable corresponding to the external state ¢ defined [[L]
as

Oults) = [ dr o= (0] x (primay,i ) [2(0) (32)

where ]primaryd); k)x is a normalized Virasoro primary state with momentum k, corre-
sponding to a particle with mass M. In the correlation function (B.1]) we should evaluate
the contribution Gppr(k) from the annulus diagram suspended between the two Dp-branes
contained in |Do4;Y,Y")). This is an order O(g) term in the correlation function (B.1]).

Perturbatively, for the ¢; (I = 1,2) integrations in eq. (R.4) the saddle point method
becomes a good approximation [il, B] and yields

O dr dr -
Davy = Xew [a [ 20 B e [4 [ 22 00 0.
—00 Tl
(3.3)
where X' = —Z Aoy, Using these, we obtain

© 1 19 0 t 9
Goppr (k) = —3!A2/ Z—l/ d—/ d—3/ dT —9<1g0(1,2,3)|
T S +Lg -2 () . )
x|Bo(¥){ |Bo(¥"))3 e (Iprimaryy; kyx @ 0)c.c), . (34)

where 1" corresponds to the proper time of the three-string interaction vertex. We have
performed the Wick rotation so as to make the proper time Euclidean. Using egs. (A.2)
and ([A:4), the right hand side of eq. (B.4) can be rewritten as

Gooolk __gA2/ da/ dal/dT/ p3 idrg drg”) K1(3;Y, Y T)
X<27r>”“5§“<ps><V1,Lpp(3>;Y,Y’;T|e—%@53)+ié?’)—2>x
Y .

where o = —as, K1(3;Y,Y’;T) is a factor given in eq. (R.19) and 5§+1(p3) denotes the
delta function of the momentum in the directions along the Dp-branes. In the following,
we would like to rewrite the right hand side of eq. (B.J) into a form which can be compared
with the usual annulus amplitude.

LPP vertex (Vf:LPP(3);Y_', Y’ T|. <V1(3LPP(3);Y, Y';T| can be expressed as a direct
product of a state in the C,C Fock space and one in the X Fock space, namely

O,C*<V1?LPP(3); YV,Y'T| @ x (Virpp(3); YV, Y T (3.6)
Since C’@<V107LPP(3); Y,Y’; T| has the form
c C*<V10LPP (3) Y. Y/. T’ = C<O‘e—%2iné3)ﬁég)+ (terms quadratic or linear in oscillators) (3.7)

the contribution from the C, C sector to Gyppr(k) in eq. (B-H) becomes

—To; (3)-(3) 2t
/ idr dnf o o (Viypp(3): Y, Y3 TI0) o e” 5 2m0 %07 = = (3.8)



From the definition of the LPP vertex [[J], one can see that the overlap

d26 .
/ (27T§)236 (2m)P a8 (p3) x (VPLpp(3): Y, Y'; T|primary; k) x 3 (3.9)

is written in terms of a correlation function on the annulus. In order to express the corre-
lation function using the boundary states, it is convenient to use the worldsheet coordinate
7 depicted in figure [ (b), which is related to the coordinate v in figure fJ (b) by

v=—v. (3.10)

In this coordinate, the annulus diagram in figure [l| (a) is described as a cylinder of circum-
ference 2. The length of the cylinder is —in7 and the vertex operator corresponding to
the external state is inserted at

2

v=—Vs=1inTp, (3.11)
where )
T o

The overlap (B.9) can be written as a correlation function? on the cylinder with the coor-
dinate v as follows:

d26 :
/ (27T§)236 (2m)P a0 (ps) x (VPrpp(3):Y,Y'; T|primary4; k) x 3
s —(k2+M2+2)

= N(7) F (in7T0)

XX<BO (Y/)‘eiﬂ%g(L8<+ié<—2) V¢ eiﬂ%(l—g)(L8<+[~/8{—2) ‘BO (Y)>X ) (313)

Here LY and ﬂ5< are the zero-modes of the Virasoro generators and |By(Y))x is the
boundary state in the X sector given in [fJ]. Vj denotes the vertex operator of weight
(3(k* + M? + 2), 3(k* + M? + 2)) corresponding to the state [primary; k) x. N(7) is a
normalization factor independent of ¢, which can be fixed by considering the case V = 1,
and we obtain

p+1

N(R) = P T (1 - )2 S amyo-to) (a2 (3:.14)
n=1

By using egs. (B-10), (A.3) and (A.4), we also obtain

ows , . —iT Ows

dws . . —it dwy n(r)> r
o5 UTTe) =5 5,

= T———————¢ 3.15
T v (3.15)

2In the expression x <B0(Y')|eiﬁg(Lé(+Lé(72) Vs e (1-)(Lg +L5 ~2) |Bo(Y))x, the integrations over the

zero modes p are included in the definition of the inner product, as is usual in CFT.



Integration measure. In eq. (B.§), we should change the integration variables (o, T
to (o0,7). For a fixed a, eq. (B.19) implies that

or or 1 .
dOél = ad@, dT’ EdT or ﬁdT . (316)
We find that 0T /O1 becomes
oT 1
- = 1
or ek (3.17)

where ¢g is given in eq. (A.13). This can be derived from egs. (A.€), (A7) and (A.13) as

follows:

or  op ovy 0 . Vi(v+Vs1)
o " e T e |
0 (v + Vi)

= a—1In

or m v=v;

. 279 — 279 - _ 1
i [ay 1+ Valr) _ 900 Vsiﬂ] e (3a8)

47 Y (v; + Va|7) V(v — V3|7)

4r
Here we have used the fact that the theta function ¢ (v|7) satisfies the heat equation,

o) i 0
5191(1/‘7’) = —Ewﬁl(V’T) . (319)

S-matrix element. Collecting all these results, we can obtain

(o0) _“TQT ( ) —(k24+M?)
G /k;:—47r2A2/ da (’“2+M2/d/ T |7
¢pD' (k) g ; e 1 (oF|F)
% H 27rm7— <BO(Y/)’ei7r7~—g(Lé(+[~/é(—2) Vd)eiw?(l—g)(lzé(-l-ié(—?)‘Bo(Y»X,
(3.20)

where 7y(a, g) is the value of 7(= 7(T, o, 9)) when T = t: Ty(v, 0) = 7(t, v, 0).

In order to obtain the S-matrix element Syppr for the process we are considering, we
need look for the singular behavior of Gppr(k) near the mass-shell of the external state,
namely k%2 + M? ~ 0. As explained in [T, such singularity comes from the region a ~ 0
in the integration over «, and we find

1 1 100 0 9
Gyppr (k) ~ —4n?gA> —— / do / d7 7 1 — e*minT
¢ K2+ M2 J, 0 n:l( )
XX<BO(Y/)‘ei7r'FQ(L§+i§—2) V¢ eiw%(l—g)(Lé(-i-ié(—m’BO(Y»X ) (3'21)

Here we have used the relation

lirrb To(a, 0) = ioco . (3.22)
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Figure 2: The scattering process near the poles from the tachyons of the closed strings exchanged
between the two D-branes in ﬁgureﬁl (a). The three solid lines connecting with each other indicate
tachyon propagations.

Thus we obtain the S-matrix element Sgppr,

1 100 [e%)
Seppr(k) = —4n?igA? dg/ d7 7 H (1 _ e2m’n%)2
0 0

n=1

XX<BO (Y/) ’eiw%g(Lé(—l—ﬂé(— Vfi) eiwf—(l—g)(Lé( +i())(—2) ’BO(Y»X 7 (323)

where the momentum kj (1 =0, ...,25) of the vertex operator V, is subject to the on-shell
condition: k%4 M? = 0. Here we have performed the Wick rotation to make the space-time
signature Lorentzian.

In this form, it is obvious that Sypp is proportional to the S-matrix element in first
quantized string theory. The factor []>7 (1 — e27ri"%)2 coincides with the ghost contribu-
tion to the partition function. As is described in figure [[] (b), the worldsheet of the process
we are considering is a one-punctured cylinder. In eq. (B.23), the S-matrix element SepD’
is expressed as an integral over the moduli space of the one-punctured cylinder with the
correct integration measure 7d7do. We notice that in this integral the moduli space is
covered completely and only once.

3.2 Factorization of S-matrix element

Let us check that the S-matrix element in eq. (B.23) has the correct normalization. This
can be done by considering the S-matrix element Sypps in the simplest case where Vy
corresponds to the tachyon:

Vy=ze s, (3.24)

Here ¢ ¢ denotes the normal ordering of the oscillators. We examine the behavior of S¢pp-
at the poles from the tachyons of the closed strings exchanged between the two D-branes
in figure [ (a). This corresponds to the scattering process sketched in figure f. In order
to obtain the singular behaviour, we perform the Fourier transformation of the S-matrix



element S4ppr with respect to Y? and Y”, and then put the conjugate momenta k; and
ko close to the mass-shell of the tachyon. In the region where k% ~ 2 and k;% ~ 2, Seppr
becomes

d*k; [ d*°k —i —i
5¢DD'N/ - / 2265TD(—1€1;Y)—5TTT(1€J€1,k‘2)—25TD(—k‘2;Y/),

(2m)26 | (27) k2 —2 k2 —
(3.25)
where
Strr(k, ki, ko) = idg(2m)*06% (k + k1 + k2)
Srp(k1;Y) = iAQ2m)PTHolT (ky )etFaY" (3.26)

In this equation, Sppr(k,k1,ks) is the tree amplitude for three closed string tachyons
with momenta k, k1 and ko, and Srp(k1;Y) is the coupling of the Dp-brane located at
X' = Y? to a closed string tachyon with momentum k;.> Eq. (B:2§), therefore, implies
that the factorization occurs in the right way in Sgypps and thus Sypps has the correct
normalization.

3.3 More general amplitudes

It is easy to generalize the calculation above and consider more general annulus amplitudes.
For example, let us consider the amplitudes with the annulus ending on the same D-brane.
In this case the computations are the same as those in the case of two D-branes, except that
this time the S-matrix elements are deduced from the contributions of the term quadratic
in the boundary state contained only in a single Op. Therefore the normalizations of the
S-matrix elements become half of those in the case of two D-branes. Thus we obtain the
correct normalizations.

We can also calculate the annulus amplitudes with any number of closed string inser-
tions. We can compute such amplitudes by using the fact that the three-string interaction
vertex overlapped by an external state reduces to the vertex operator for the state, when
the external state is close to the mass-shell [J]. Therefore the computation comes down to
the one we have done above. It is easy to check that the resulting S-matrix elements are
expressed as an integral over the moduli space with the appropriate measure and have the
correct normalizations.

4. Conclusions

In this paper, we construct states corresponding to /N parallel Dp-branes located separately
from each other. We show that these states are BRST invariant in the leading order in
€. Using these states, we can calculate annulus amplitudes. We show that usual annulus
amplitudes are reproduced. The analyses in this paper provide another evidence for our
construction of the D-brane states in the OSp invariant closed string field theory.

*In [EL we showed that Stp can be reproduced by the states (m) with one D-brane.
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Figure 3: (a) The worldsheet for the string diagram corresponding to the vertex (@) The
coordinate p (Rep > 0, —ma < Imp < 7a) is introduced on this worldsheet. (b) The rectangle on
the v-plane related to the worldsheet in (a) by the Mandelstam mapping ([A.6).
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A. Details of calculation of (V;(3);Y,Y’; T|

In this appendix, we present details of the calculation of the string vertex (2.7).
The vertex (R.5) is expressed as

(Vi(3); Y, Y";T| = (V(3); Y, Y'; T|C(pr)Ps , (A.1)

where

u(1,2,3)[?

B£(1,2,3) T o
raaag 120 IBY )T IBo(Y)s - (A2)

V23 Y, Y T| = /d’l d'26(1,2,3)
As carried out in [P, we introduce the complex coordinate p on the worldsheet for the
string diagram corresponding to the vertex (A.2) depicted in figure f] (a). ps in eq. (A1)
denotes the interaction point on the p-plane. The external closed string corresponds to the
string 3. The region of the worldsheet corresponding to the propagation of this string is
lws| < 1, where

p=azlhws+T . (A.3)

The vertex (V(3);Y,Y"; T| takes the form

VP23);Y, Y, T| = 26(cy + g + 043)(27T)p+15§1+1(p3)
xK1(3;Y, Y, T)(VPLpp (3); YV, Y5 T, (A4)



where K1(3;Y,Y”; T) is the partition function of the CFT on the p-plane endowed with the
metric ds? = dpdp [[[J]. <V1?LPP(3); Y,Y’;T| is the LPP vertex [[[J] of the form

(VPLpp(3); Y, Y, T| = 5(0]e”® (A.5)

where E/(3) consists of terms linear or quadratic in ad®) and ai'® (n>0).
Mandelstam mapping. In order to evaluate the string vertex (R.§), we use the Man-
delstam mapping introduced in [P,

p(v) =aln v+ Vhlr) (A.6)

B (v — Vi)’

where a = a1 + @ = —a3, V3 = —5L and VJ1(v|7) is a Jacobi theta function. This is

the mapping between the p-plane and the rectangle on the complex v-plane defined by
—1 <Rev<0and —2 <Imv < Z (figure f§ (b)). Here 7 = imy (12 € R, 72 > 0) is the
modulus of the annulus and the identification v = v + 7 should be made. The interaction
points V;E on the v-plane and the modulus T" on the p-plane satisfy

dp

dy(l/f) =0, T =Rep(v;)=p(v;)+2miaVs. (A.7)

Partition function K1(3;Y,Y’;T). From the Mandelstam mapping ([A.f), one can
find that the boundary conditions imposed on the worldsheet variables X*(v,7) (i = p +
1,...,25) on the v-plane are

X' 0)| gy 1 =YY", X'(v,p =YY", X'(v4rnv+7) =X (), (AS8)

)‘Reuzo

and the other worldsheet variables X*(v,7) (u = 26,1,...,p), C(v,7) and C(v,7) obey the
same boundary conditions as those in the case considered in [B]. Therefore, the classical
configurations X% (v,7) for the worldsheet variables around which the quantum fluctua-
tions X (v, 7) should be considered are

L, o) =Y" - (v+D)AY", Xh(v,v)=0, Cua(v,v)=Ca(v,v)=0. (A.9)
Dividing XN (v,7) as XN (v,7) = XY (v, 7) + X" (v, 7), we compute the annulus par-

tition function Z (7, AY’) on the v-plane (other than the effects of the puncture v = V3 and
the interaction points v = V;E) We find that

Z(r,AY) = / [dX] e S = e=%a Z(7), (A.10)

where S[X] is the worldsheet action and S denotes its classical value given by

10 Z
SIX] = o / [ d(Rev) 1 dImv) 8, XN, XMy,
2 T2
Se = S[Xa] = _zﬁ NG (A.11)

— 10 —



and Z(7) is the contribution of the fluctuations to the partition function. One can find
that Z(7) equals to the partition function in the case where Y* = Y” = 0. Combined with
eq. (A.I(), this implies that

p+1 2z
Ki(3:Y, Y5 T) = e=Sakcy (3, 7) = e—5a 27) _ __ . (A12)
@M (—in)"s () Sa2 e 91 (2V|7)?
where K1(3;T) = K1(3;0,0; T) is evaluated in [f] and c; is
2 0201 (v + V- 0291 (v; — V-
CIEd_é’(VI—):a< 7 1(’11 +Vslr) 9 1(’11 3|T)> ' (A13)
dv V1 (v + V3|7) (v, — V3|7)

LPP vertex <V10,LPP(3); Y,Y’;T|. The LPP vertex (1/107LPP(3);Y, Y'; T| introduced in
eq. (A.3) can be determined by the equations

/ d'3 (V01pp(3);Y, Y T| XV (w3, 3)|0)s (27)206% (p3) i

Ny, 0
N O;(T(, ZY?;» = Z(T,lAY) /[dX] XN (g, 73) e = X (v3,73),

/ d'3 (V0pp(3); Y, Y TIX NG (wy, 3) X MO (why, @})|0)3 (2) 2067 (pg )iz )

(XN (v3, 73) XM (v, 1)) 1 / Ny —NyvMys =1y ,—S[X]
= = dX| X X
Z(r,AY) 70 Ay) | (XX e ) X s my) e
= é}[(y37173);(01 (Vévljé) +G1{Xctan.(y37773§yé7pé)v (A14)

where v3 and 14 are the points on the v-plane corresponding to the points ws and wj
(Jwsl, |wh| < 1), and GNY (v, 7;1/,7') are the two-point functions of X (v, ) given in [

in the case of Y? =Y’ = 0. This yields
VO n(3): Y, YT = (VO po(3): T|e! SncoNiion™ +Ni 60 A5
1,LPP 1,LPP

where <V1(?LPP(3);T| = <V19LPP(3);0,0;T| is the LPP vertex computed in [, and the
Neumann coefficients NZL‘J and NnaJ- are

. cax 1 dv _ , AY?
N = (N Y == ¢ — "9, X5 (V) = —
n,i ( n,z) n %/3 2mi (ws(v)) " 9y Xa(v) n

j{ dv (w3(v))™™ forn>1,
V3

2mi
NE+ N§y = X(Va, V3) = —2V3Y" + (1 + 2V3)Y" . (A.16)
Collecting all the results obtained in the above, we have
(VPBRY, Y5 T| = 5 (V0(3); Tle Daca(Nasen” +87 5% (A.17)
where (VP(3); T| = (V(3);0,0;T| is evaluated in [g].
Ghost field insertion. Finally, we consider the effect of the insertion of the ghost field

in the vertex (V?(3); Y, Y';T| to obtain (V4(3);Y,Y’; T|. This is the same as that obtained
in [B]. Eventually, we obtain

(Vi(3); Y, YT (A.18)
e . oo R i(3) va =i(3)
= SV T Y (Mrootan 0P + Mo 2360) 20 (Vo 88,055 p,
n=0

— 11 —



Limit of T =€ — 0. Inthe T'= ¢ — 0 limit, ]\_fff’i and N,‘ii for n > 1 become

i,—n<
h N AY'e " in2wV3
Ny i Ny~ —— (e

n,i’

e - e_i"27rv3) (1+ O(e?) , (A.19)

and thus finite. Combined with eq. (B.6), this yields the suppression stated in section [,
and one can deduce that the states (P.4) are BRST invariant in the leading order in e.
In this limit, eq. (A.1§) becomes the idempotency equation [[4] in the OSp invariant

(ay?)? 25-p
string field theory []. By taking the limit ¢ 42 ~ (_471;35) *BTP(AY) first in eq. (E4),

one can find that eq. (A.1§) turns out to take a form similar to that given in [[4].
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